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ABSTRACT 
We estimate the number of solutions of certain congruences with Catalan umbers and middle binomial 
coefficients modulo a prime. We use these results to bound double exponential sums with products of 
two Catalan numbers and two middle binomial coefficients, respectively, which in turn lead us to upper 
bounds on single exponential sums. 
1. INTRODUCTION 
Let p be an odd prime. In this paper, we study the distribution modulo p of Catalan 
numbers, which are given by the formula 
Cn-- , n= l  2, . . . .  
n+l  ' 
In particular, we estimate the number of solutions of certain congruences with 
Catalan numbers and the middle binomial coefficients' 
These bounds are used to estimate double exponential sums 
E-mails: garaev@matmor.unam.mx (M.Z. Garaev), fluca@matmor.unam.mx (E Luca), 
igor@ics.mq.edu.au (I.E. Shparlinski). 
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K+M L+N 
Ua(K,M:L,N)= Z Z 
m=K+l  n=L+l  
K+M L+N 
Va(K,M;L,N =Z E 
m=K+l  n=L+l  
K+M L+N 
Wa(K,M;L,N)= Z Z 
m=K+l  n=L+l  
where we define 
e(abmbn), 
e(acmCn), 
e(abmcn), 
e(z) = exp(27riz/ p). 
In turn, using the Lucas Theorem 
(1) bmbn =- bm+np (mod p), 0 ~< m, n ~< (p - 1)/2, 
for binomial coefficients modulo p, we derive from our bounds some bounds on 
single exponential sums with binomial coefficients. 
The method we use is similar to that of [2,3] to estimate xponential sums with n!. 
However since no analogue of (1) seems to hold for n!, obtaining nontrivial bounds 
of single exponential sums with n I remains an open problem. 
We also remark that, as in the case of n!, sums of multiplicative characters 
(including single sums) with bn and Cn can be estimated in a less technically 
complicated way (see [5], for example). However, the existence of identity (1) has 
allowed us in [5] to get much stronger results about the distribution of bn and cn 
than those known for n! (see [2-4]). 
Throughout he paper, the implied constants in symbols 'O'  and '<<' may 
occasionally, where obvious, depend on integer parameters k, £, r and a small real 
parameter e > 0, and are absolute otherwise (we recall that U << V and U = O(V) 
are both equivalent to the inequality I U I ~< c V with some constant c > 0). 
2. BOUNDS ON THE NUMBER OF SOLUTIONS OF ADDITIVE CONGRUENCES WITH 
CATALAN NUMBERS 
For integers £/> 1, L and N with 0 ~< L < L + N < p/2, we denote by le (L, N) and 
Je (L, N) the number of solutions to the congruences 
and 
2g 
Z bni ~ Z bni (modp), 
i=1 i=e+l  
L+ 1 ~nl ..... n2e <<. L + N, 
e 2e 
Y~c' i= E c"i (m°dp)' 
i=1 i=/~+1 
L+ 1 ~<nl . . . . .  n2e <~ L-t-N, 
respectively. 
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As in [2,3], our treatment of le (L, N) and Je (L, N) is based on exponential sums. 
Thus, we start by recalling the identity 
p- I  X--' ] O, ifu ~ 0 (mod p), 
(2) 
,,/-'-'=o e(au) = I p, if u -- 0 (rood p), 
which we will repeatedly use, in particular to relate the number of solutions of 
various congruences and exponential sums. 
Theorem 1. Let L and N be integers with 0 <. L < L + N < p/2.  Then for any 
positive integer ~ >>. 1, the following bound holds 
Proof. Let 
max{le(L, N), Je(L, N)} << N 2e-l+l/(e+l). 
L+N L+N 
S.(L,N) = Z e(abn) and Ta(L,N) = Z e(acn). 
n=L + I n =L+I  
The identity (2) implies that 
1 p - I  
(3) Ie(L,N)---- y  ISa(L,N)I 
P a=O 
For any integer k ~> 0 we have 
L+N 
S.(L, N) = Z e(abn+k) + O(k). 
n=L+l  
Therefore, for any integer K ~ 1, 
K- I  L+N 
1 
S. (L ,N)=~ Z ~ e(abn+~)+O(K) 
k=0 n L+I  
1 Z (2n + 2j - 1)(2n + 2j) 
= ~ ~ e abn (n-q_~7 - + O(K) 
n=L+l  k=0 j= l  
L+N 
1 
=--  Z ~ e a2kbn K 
n=L+l  k=0 \ j= l  
Using the H61der inequality, we derive 
2n+2j  - 1) 
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where 
, )2, 
I Sa(L' N)I 2g << K-2eN2e-1 Z e a2kbn I-I 2n + 2j - 1 + K2 e 
n=L+l k=0 j=l n + j 
L+N K-1 L+N 
<<K-2gN2g-1 Z Z 
n=L+l k I ..... k2e=On=L+l 
e(abn ¢TPkl ..... k2 ~ (n)) + K 2g, 
g. kv 2g kv 
*kl ..... k2e(X)=Z 2k~H2XX-~Tf +2 j -1 Z 2kv I - IZXx+j  +2 j -1  
v=l j=l v=g+l j=l 
Therefore, changing the order of  summation, we obtain 
p-I K-1 L+N p-I  
ZISa(L,N)[Ze<<K -2eN2e-1 ~_, ~_, Ze(abn*kl  ..... k2e(n))+pK 2e. 
a=0 k I ..... k2g=O n=L + l a=0 
The sum over a vanishes, unless 
(4) bn~kl ..... /~2e (n) ---- 0 (modp),  
in which case it equals p. 
Direct examination of  the poles and the zeros of  ~k~ ..... k2e (X) reveals that it is a 
nonconstant rational function unless (kl . . . . .  ke) is a permutation of  (ke+l . . . . .  kzg), 
which happens for O(K g) choices of  0 ~< kl . . . . .  k2e ~< K - 1. I f  qbk I..... k2e(X) is 
a nonconstant rational function, then (4) is satisfied for at most K values of  n, 
otherwise we use the trivial bound N on the number of  solutions in n. 
Because bn ~k 0 (mod p) for 0 <~ L < n ~< L + N < p/2, the total number 
of  solutions of  (4) in L + 1 ~< n ~< L + N and 0 <~ k] . . . . .  kzg ~ K - 1 is 
O(NK e + KZg+l). 
Thus, 
p-I 
~-~.ISa(L, U)l 2e << K-2g N2g-I (N K e + K2g+l)p + K2g p 
a=0 
= (NZeK -e + NZe- IK  + KZe)p. 
Taking K = I_N 1/(e+l)] and remarking that with this value of  K the last term never 
dominates, we obtain the desired bound on le (L, N). 
To estimate Je(L, N), we again use (2) to write 
p-I  
and follow the same arguments. The only difference is that, after writing 
1 ~ 2n + 2j - 1 bn2 k Cn+k n+k+l  11 n+j  ' 
j=l 
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instead of the rational function q~k, ..... k2e (X), we have to examine 
e 1 k~ 
qJkl k~e(X)=ZZk~x+k~+l  1-I 2X+z j -1  
..... X+j  
v=l  j= l  
2f kv 
Z 2k~ 1 jl-]l 2X + 2j - 1 
' 
v=~+l "= 
which can be handled completely analogously. [] 
Corollary 2. Let ~i = "4-1 for each i = 1 . . . . .  k. Then for any integer )~, the number 
of  solutions of  each of  the congruences 
k 
~-~ibn i  = X (modp), 
,=1 
L+I  <~ nl . . . . .  nk <~ L + N, 
and 
k 
y~ 6ic~ i =---- )~ (modp), 
i~ l  
L+I  ~<nl . . . . .  n~<.L+N,  
is O(N k l+l/2(kl+l)+l/2(k2+l)), where kl = [k/2J, k2 = [(k + 1)/2J. 
Proof. Note that k = k l  + k2. By the identity (2), the number J of solutions of the 
first congruence can be expressed via exponential sums as 
J=- Z Zoo  
P n I ..... nk=L+l  a=0 \ \ i=1  
1 p I k L+N 
P a=0 i=1 n=L+l 
p- lk  L+N l~e(abn)  k 
= "= n=L+ a=O n=L+ 
=--  e(abn) e(abn) . 
P a=0 n=L+l  n=L+ 
Using the Cauchy inequality and Theorem 1 (see also (3)), we obtain the desired 
result for middle binomial coefficients. The bound for Catalan numbers can be 
derived completely analogously. [] 
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3. BOUNDS OF DOUBLE EXPONENTIAL SUMS 
We start with estimating individual sums. 
Theorem 3. Let K, L, M and N be integers with 0 <~ K < K + M < p/2 and 
0 <~ L < L + N < p/2. Then for any integers k, ~ ~ 1, the following bound holds 
max {IU,(K, M; L, N)I, IVa(K, M; L, N)I, Iwa(g, M; L, N)I} 
gcd(a,p)= 1 
,(< Ml-1/2e(k+l)Nl-1/2k(e+l) pl/TM" 
Proof.  Let Ge (L, N; )~) denote the number o f  solutions to the congruence 
Clearly, 
bni =- )~ (mod p), 
i=1 
L+ 1 ~<ni . . . . .  ne <<. L+N.  
p- I  p -1  
(5) 12Ge(L ,N; )O=N e and ZGe(L ,N; )O2=le(L ,N) .  
~.=0 ~=0 
By the H61der inequality, we have 
IUa( K, M; L, N)le <~ M e-1 K~__~M L~_~N e(abmbn) e
m=K+l  n=L+l  
=M,_I K~__~M L~ e(abm(bnl + "" +bn,)) 
m=K+l  n I ..... n2e=L+l  
K+M L+N 
=Me-1 12 19 m 12 e(abm(bnl +'"+bne)) 
rn=K+l  n I ..... n2g=L+l  
for some complex numbers t~m with 10m I = l, K + 1 ~< m ~< K + M. 
Therefore, 
K+M p-l 
IUa(K'M;L'N)[ e ~ ie -1  Z Z Ge(L'N;)OOme(a)~bm)" 
m=K+l  X=0 
Applying the H61der inequality again, we derive 
K+Mz tgme(a)~bm) 2k 
m=K+l  
K+M 19me(aXbm) 2k 
I 2  • 
m=K+l  
IUa(K, M; L, N)[ 2ke 
p-1  
<< M 2k(e-l) Z G~(L, N; ) 0 
L=o 
p-1 N; ).)2k/(2k-1)) 2k-I 
~ M 2k(e-l) ~-~Ge(L, 
\ ~.=0 
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Once again, by the H61der inequality, 
\ X=0 X=0 
Using (5), we obtain 
2k-  I 
<~ N2t(I'-I)Ie(L, N). 
We now have 
K +M 2k 
Z Ome(a)~bm) 
m=K+l  
p- I  K+M k 2k 
)~=0 rn I ..... m2k =K+ 1 v= 1 v=k+ 1 
K+M k 2k p - I  / I' k 2k 
m I ..... m2k=K+l v=l  v=k+l  ~.=0 k \v=l  v=k+l  
plk(K, M). 
Using Theorem 1, we obtain 
]Ua(K, M; L, N)[ 2ke ~< pM2k(e-l)N2e(k-1)le(L, N)Ik(K, M) 
<< p(MN)2ktN-e/(t+l)M-k/(k+l), 
which implies the desired bound for Uu (K, M; L, N). 
The bounds for V,,(K, M; L, N) and W,~(K, M; L, N) can be derived com- 
pletely analogously. More precisely, we use the bounds on Jk(K, M) and Je(L, M) 
for Va(K,M;L,N) and the bounds on both Ik(K,M) and Jg(L,M) for 
W,(K, M; L, N). [] 
For example, for every fixed e > 0, choosing sufficiently large k and g, Theorem 3
yields a nontrivial bound whenever NM >1 p l+e. 
For K = L = 0, N = M = (p - 1)/2, choosing k = g = 2, we obtain that the 
bound of Theorem 3 is of the form O(p 2-1/24). 
We also obtain some estimates "on average". 
The condition N 2/> M /> N, requested in our next result can be substantially 
relaxed. However, because we are mainly interested in the "diagonal case" M = N 
(for which this condition is always satisfied) and in order to avoid some technical 
complications, we use this condition. The roles of N and M are fully inter- 
changeable, so we also have a similar bound for M 2/> N/> M. 
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Theorem 4. Let K, L, M and N be integers with O <<. K < K + M < p and 
0 <~ L < L + N < p. For any positive integer £ ~ 1, such that N 2 ~ M >~ N, the 
following bound holds 
p-1 p-I p-1 I 
maX[a~-olUa(g'M;L'g)12e- ' a=0Z[Wa(g'M;t 'g)12£ ' a=0~-~IWa(K'M;L'N)I2e i 
<(< pM2f-I+I/2e N2e-I/2(e+l)" 
Proof. We set H = rM1-UZeNUZ(e+I)]. We see that 
N 1-1/2£(e+11 <( H << M 1-1/2e(e+l). 
Applying the H61der inequality, we obtain 
p-1 
~_,IU~(K, M; L, N)] 2e 
a=O 
pa~=O H L+N 2e 
= Z Z E e(abmbn) 
r=l K+(r-1)M/H<m<~K+rM/H n=L+l 
H ~ L+N 2g. 
<< H2t -1Z  ~ Z e(abmbn) 
r=l K+(r-I)M/H<m<~K+rM/H n=L+l 
Therefore, we see from (2) that 
p- I  
(6) ZIUa(K ,M;L ,N) I2e  <<pH2e-IQ, 
a=0 
where Q is the number of  solutions of the congruence 
2e 
(7) ~_, b, ibmi =-- ~_, b.ibmi (mod p). 
i=1 i=£+1 
where 
K + l <~ ml . . . . .  m2e <<. K + M, L+l<~nl  . . . . .  n2e <. L + N, 
[mi - m j] <<. M/H,  1 <~ i < j <. 2£. 
Without loss of  generality, we may suppose that ml -- min{mi I 1 ~< i ~< 2£}. 
We denote m I = m and put 
mi=m--}-si, 2 -..< i -..< 2£. 
In particular 
O<.si<~M/H, 2 -..< i -..< 2£. 
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Then, recalling that 
si 2m + 2 j - 1 
17 bm+si 2Si bm I I  m + j 
j=l 
, 2 <~ i ~< 2/~, 
we see that the congruence (7) in the new variables takes the form 
2~ 
(8) bn I +~_ . f (m,  si)bni - ~ f (m,  si)bni =--0 (modp) ,  
i=2 i=~+ 1
where 
1Ll 2X + 2j - 1 
f (m,  t) 2 t 11 ;;)- 
j=l 
for an integer t/> 1, and f (m,  O) = 1. 
The number of  solutions of  the congruence (8) is collected from two sets of 
variables hi, 1 ~< i <~ 2e, and Si, 2 <. i <. 2e: 
(i) the first set is such that the left-hand side of  (8) is a nonconstant rational 
function of m (of degree at most M/H) ;  
(ii) the second set consists of  those for which the left-hand side of (8) is constant 
as a function of m. 
The number of solutions Q 1 of  (8) corresponding to the first set is at most 
(___~ )2~-1 M 
Q1 << N2~ + 1 ~- << (MN/H)  2e. 
For the second set of variables, we have that, as a rational function, the left-hand 
side of (8) is a constant. Let us numerate s2, s3 . . . . .  sze in an increasing order. Then, 
instead of the congruence (8) we consider the congruence 
2~ 
bnl + ~ 3i f (m,  ri)bn i =-- 0 (rood p), 
i=2 
with 3i = + 1 and such that 
O=r l  <<.... <. r2g <. M/H.  
Moreover, for each positive integer k ~< 2~ and positive integers el . . . . .  ek, 
we consider solutions with 
(9) O~-rl ~ ' "=re  1 <rel+l ~ ' "=re l+e 2 <""  
< rel+...+e k 1+ 1 = ... = rel+...+e k ~ M/H.  
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In this case, the vanishing of the rational function in m on the left-hand side of  (8) 
leads to the conditions 
bnl q-32bn2 -k-'" W 3elbnq =-- 0 (modp) ,  
(10) ~el+lbnel+l "~- "" "~-~el+e2bnel+e2 ~ 0 (modp) ,  
~el+...+ek_l+lbnel+...+ek_l+l "1- "'" "~- ~el+...+ek bnel+...+ek ~ 0 (modp) .  
Certainly, for each solution to the system of congruences (10) there are at most 
M possible values for m. We also note that from (10) it follows that ei /> 2 for 
1 ~< i ~< k. In particular, k ~< £. 
For each k-dimensional vector e = (el . . . . .  ek) of positive integers such that 
el + .. .  + ek = 2£, there are O((M/H) k-l) possible integer vectors (rl . . . . .  r2e) 
satisfying (9). For each such fixed vector e = (el . . . . .  ek), the number of  solutions 
of  the system of  congruences (10), by Corollary 2, is at most 
0 N ei-l+l/2(Lei/2j+l)+l/2([(ei+l)/2]+l) = O(N2e-k+K(e)), 
where 
1 1 ) 
K(e) = ~ 2(Lei/~2J + ]) + 2(L(ei + ])/2J + 1) " 
i= l  
Therefore, 
Q2 << max(M/H) k-I MNZg-k+x(e), 
e 
where the maximum is taken over all integers 1 ~< k ~< e and k-dimensional vectors 
e = (el . . . . .  ek) of integers ei >/2, 1 <~ i <<, k, with el +- . .  + e~ = 2£. 
We now consider two cases 
• I fg=l thenk=l , tc (e )= l /2and 
Q2 << MN 3/2. 
Therefore, in this case we have 
Q <~ Q1 + Q2 << M 2N2H-2  + MN 3/2. 
Thus, (6) yields 
p-1 
}-'~IUa(K,M; L ,N) I  2g << p(M2N2H -1 + MN3/2H), 
a=0 
and the required estimate follows from the choice of  H. 
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• Now, we suppose that ~ ~> 2. If  k = 1, then 
1 
K(e) = 
6+1"  
I f  k ~> 2, then trivially 
k 
K(e) ~< ~. 
Hence, 
Q2 << MN2g g/(g+l) + N2gH max " {MH- IN- I /2 )  k. 
One easily verifies that for our choice of  H and under the condition 
N e+l-l/(e+l) >1 M (which is always satisfied for g ~> 2 and N 2 ~> M), we have 
MH -j N -1/2 ~< 1, so the term corresponding to k = 2 dominates. Therefore, 
Q2<<MN2g-U(g+I)  M2N2g IH-I. 
Thus, 
Q ~< Ql + Q2 << (MN/H) 2e + MN2e-g/(e+l) + M 2N2g-IH-I. 
Since ~/> 2 then M <~ N 3e/¢e+l) for N 2 /> M. Simple calculations then show 
that for the chosen value of H, the first term always dominates the third one, 
and we derive from (6) that 
p I 
ZIUa(K,M;  L, N)I2g << p(M 2g N2eH -I + MN2~-e/(g+I)H2~-I) 
a=O 
for~ ~> 2. 
Recalling our choice of  H, we get the desired bound for the average value 
of the sums U,,(K, M; L, N). The other sums can be dealt with completely 
analogously. [] 
4. BOUNDS OF SINGLE EXPONENTIAL SUMS 
We now show that Theorems 3 and 1 combined with (1), as well as with some result 
of  [5], can be used to estimate some single sums with middle binomial coefficients 
and Catalan numbers. 
For an integer r ~> 1 we consider the set 
JV ' r={n=no+.. .+nr_,p r I l n i= l  . . . . .  ( I , -1)/2,  i=0  . . . . .  r - l}  
and define single exponential sums 
= Z e(abn) and T,(r) = ~ e(ac,,). S,,(r) 
,, ~H,. n eN~ 
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Theorem 5. For any positive integer r ~ 2, for any a with gcd(a, p) = 1 
following bounds hold 
O(pr-1/24), ifr = 2, 
Sa(r)' Ta(r) -= -2 - r (p  - 1) r - I  + O(p(7r+2)/8), ifr >>. 3. 
the 
Proof. Let a be an integer coprime to p. Using (1), we derive 
(p - l ) /2  (p - l ) /2  
Sa(r)= Z "'" ~ e(abno'"bnr-')" 
n0=l nr_ l= l  
I f r  = 2, we then have Sa(r) = Ua(0, (p - 1)/2; 0, (p - 1)/2), and the result follows 
immediately from Theorem 3. 
Now we assume that r >~ 3. Let Gs O0 denote the number of solutions to the 
congruence 
bno.., bn,_l =--)~ (mod p), 1 ~< no . . . . .  ns-I <. (p -  1)/2. 
We also recall the character sum estimate 
(11) 
(p - l ) /2  
Z X(bn) << p7/8, 
n=l 
which is a specialcase o fmore  generalresults from[5]. 
Wethen have 
p- I  p - I  
Sa (r) = Z Gr (3.)e(a)O = Z 2 r (p _ 1)r--1 e(aL) 
k=l L=I 
p -1  
+ y~(Gr()Q - 2-r(p - l)r-l)e(a~.), 
)~=1 
whence 
p-1 
Sa(r) = -2 - r (p  - 1) r - I  + Z(Gr ( )Q  - 2-r(p -- 1)r-1)e(a).). 
Expressing Gr (L) via character sums, we see that 
Gr()O - 2-r(P -- 1) r - I  - -  
(p-l)/2 (p-W2 
1 
p--1 y~ Z "'" Z X(bno'"bnr-1)X(~'-l)' 
x~xo no=l nr- I  =1 
where Xo is the principal character. Hence, 
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p-1 
Z(Gr( )Q - 2-r(p -- 1)r-l)e(aZ) 
X=l 
(p-l)/2 (p-l)/2 p-i 
_ 1 
p-1  Z Z "'" Y~- X(bno ' "bn~- ' )Z  e(aZ)x(Z-l)" 
X~XO ;'tO=l nr-I ~1 Z=I  
The sum over ,~ is a Gauss sum, therefore its absolute value is pl/2, that is, 
p-l ) 
~--~e(aZ)x(Z-I = pl/2. 
Z=l 
Thus, 
Sa(r) =- -2 - r (p -  1) r-1 
0 ( 19l/2 
+ 
(p-l)/2 
E 
no=l 
(p-l)/2 ) 
-.- ~ x(b,,o)-'-x(b,,~-~) .
nr_l=l  
We now use (1 l) to derive 
1 xCz0 (p-l)/2 
p I2 
no=l 
(p 1)/2 
• .. I2 x(V o). ,)! 
nr_l=l 
_l ~ (p-l)/2 
p 1 n=l 
X(bn) r <<--p7(r-2)/8p_l 
p-l)/2 
n=l 
x(b~) 2. 
One remarks that 
__l ~ (p_l)/2X(bn) 2 = _ 
p-1  ~ I,(0,(p 1)/2). 
n=l 
Thus, by Theorem 1, we obtain 
Sa(r) = --2-r(p -- 1) r-I + O(pl/2p7(r-2)/8p 3/2) 
= --2 r(p _ l)r-I + O(p(7r+2)/8). 
The sum T,, (r) can be studied completely analogously. [] 
In particular, we see from Theorem 5 that for 3 <~ r ~< 10, we have 
Sa (r), T, (r) = 0 (p(7r+2)/8), 
and that for any fixed r > 10, the asymptotic formulas 
Sa(r), Ta(r) = ( -2  r + O(p- l /8 ) ) (p  _ 1)r-I 
hold. 
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5. REMARKS 
Exactly the same results as obtained here for sums of additive characters with bn 
and cn, and in [4] for sums of additive characters with factorials, one can obtain for 
several more sums over binomial coefficients such as 
M-1N-I - -  - N 
~__o~,__oe((M)(nN)) and ~=lx( (N) ) ,  
where ;~ is a nonprincipal multiplicative character modulo p. 
Using an analogue of (1), some single exponential sums can be handled as well. 
For example, one can prove that 
P 2-1 2 
n~=ge((P ~ I ) )<<P 47/24" 
We also remark that the aforementioned upper bound on sums of multiplicative 
characters with binomial coefficients implies that for any fixed 3 > 0 and p > 
N >1 pl/2+~, there is asymptotically the same number of quadratic residues and 
nonresidues modulo p among the numbers 
(7) ,  ._-0 ..... 
Questions about the distribution of quadratic residues and nonresidues modulo p 
among binomial coefficients have been asked in [6]. 
It is an interesting and apparently difficult question to obtain nontrivial results for 
the sums Sa (1) and Ta (1). Certainly the method of proof of Theorem 5 cannot be 
extended to this case. 
We finish by mentioning an open question concerning deriving nontrivial bounds 
on double exponential sums of the form 
((:)) I2 ° 
n~O ~ 
for 0 <~ N < p, which would provide information about he joint distribution of all 
relevant binomial coefficients. We remark that when p is fixed and N is growing, the 
distribution of such binomial coefficients has been studied in [ 1,7] but by using very 
different techniques. It is possible though that both approaches can be combined. 
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